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Abstract:

A rotating ensemble of bodies of arbitrary shape with angular
periodicity scatters an electromagnetic wave to produce a spectrum
of frequency components characteristic of the structure and its rate
of rotation. The spectrum and its properties are predicted through
electromagnetic field theory.

The theory has been developed such as to exploit the angular
periodicity and thereby reduce the computational load by a large
factor. A consequence of the approach is that the spectrum is found
directly.

‘Many of the predictions have been confirmed by direct computation
of the scattered field for a series of rotational positions to simulate

a time series, followed by discrete Fourier transforming to produce

the spectrum. '




1. Introduction

The intake of the jet engines of an aircraft makes a major
contribution to its radar cross-section. The rotation of the engine
compressor, each stage of which exhibits angular periodicity, gives
this contribution a distinctive spectrum by means of which one
might hope to identify the target [2,3,4]. In a previous study [5]
the compressor stage was crudely modelled as a coplanar
ensemble of wires radiating from an axis. In the present study
this is generalised by replacing each wire by a conducting body of
arbitrary shape.  The ensemble of bodies exhibits the same
angular perodicity as did the wires. If each body is given the
shape of a compressor blade a stage of the compressor may be
simulated. The central hub or axle from which the blades radiate
may be included without difficulty.

In the previous study a number of conclusions were drawn about
the characteristics of the spectrum. These were based on the wire
model, although in most cases it was intuitively clear that they
would be valid for the more general case. In the present study
these intuitions are established rigorously.

This study, like the previous, had two principal goals. The first
was to find a means to calculate the field which exploited the
periodicity of the ensemble and thereby to reduce the
computation load. The second was to express the result as a
frequency spectrum. In the event, the means by which the first
goal was met automatically met the second.

The incident electric field is expressed as a summation of
harmonics of the azimuthal angle (measured around the axis).
This approach exploits the angular periodicity of the ensemble of
bodies. Each harmonic of the field excites a harmonic component
of the current. For each harmonic it is found necessary to
calculate the current on only one body, for only one azimuthal
angle of incidence; the currents on the other bodies, for other
directions of incidence, are found simply from the first. In
consequence, the computation needed to solve for the scattered
field is reduced (compared to a direct calculation which does not
exploit the angular periodicity) approximately in proportion to the
number of bodies.

A further beneficial consequence of the harmonic decomposition
of the incident field is that the scattered field is found directly as
a frequency spectrum. The components are lines at intervals of '
the rotation rate multiplied by the number of bodies. This is




consistent with the fact that the ensemble re-presents the same
aspect to the radar at this rate. The spectrum extends with
significant strength above and below the illumination frequency
by an amount equal to the Doppler shift associated with the
maximum linear velocity of the bodies. Beyond these limits the
spectral lines continue, becoming weaker approximately
exponentially.

Many features of the spectrum of the scattered field, including
those mentioned in the foregoing paragraph, may be deduced
from the form of the equations without proceeding to their
solution. At this point in the study, exact solutions have not been
calculated. It is to be expected that further features useful for
target identification may be exposed by the exact numerical

. solutions. To this end an approach to numerical solution has been
examined and described in detail.

It is possible to make predictions concerning the effects of
conditions outside the present simulation, such as the presence of
the engine cowling, the presence of multiple stages and the
presence of stator blades in the engine. The fact that the
compressor stage is surrounded by a cowling and not in free space
implies that the incident field is not a plane wave: however the
true field may be decomposed into a spectrum of plane waves,
each of which interacts with the scatterer in the manner described
by the present theory. The presence of multiple stages has the
result that the scattered field has a spectrum which has some of
the character of a superposition of the spectra of the separate
stages, with weaker components at intervals of the shaft rate. The
presence of stator blades does not alter the frequencies of the
spectrum, but, by introducing new mechanisms of electromagnetic
interaction between moving and stationary bodies, causes the
spectrum to have significant strength at frequencies beyond the
Doppler limits mentioned above.

Many of the predictions and expectations arising from the theory
have been confirmed through numerical simulation. Calculations
for simple shapes have been made using the NEC program [6] for a
series of angular positions and the results submitted to a fast
Fourier transform. Confirmation has also been obtained through
measurement of some wire structures.




2. The ensemble of bodies

In this section is described the geometry of the ensemble of
bodies, together with the coordinate systems and some special
parameters to be used below.

[ conducting bodies, with surfaces Sj, i=0,l,...,I-1, are arranged
about an axis (in the coordinate system to be used, the z axis) at

. 2n . .
angular spacings of T see figure 2.1. Their shapes are the same

and oriented such that Sj is generated by rotating SQ about the z
axis throught the azimutal angle

®. =i2F. 2.1)

The objects may be detached, as shown, or attached to one
another. In the latter case the individual bodies must be defined
by an arbitrary cut through the common region. :

Rectangular, cylindrical and spherical coordinates will be used as
convenient; the system in use will usually be apparent from the
conventional symbols: (x,y,z), (p,$,z), (r,6,9).

If a point on surface S, has position vector and coordinates

Ty =(Xg:Y0:20) = (P 9y-2g) = (r0,90,¢0),

with the conventional relations

1
= x Ly
po.—_(xg-l-}%)z, ¢ = cos 120 =120,
Po Po
(2.2)
1 .
2492 42202 8. —cos—1 20 —gin-1P0
rO—(xO+y0+zO) ,eo—cos " =sin p
0 0
then a point of position vector
with

lies on §;.




Points related like T and I will be called "corresponding points".
Such points are illustrated in figure 2.2. Wherever Iy and I or

their similarly subscripted coordinates appear in the same
equation, they are to be understood as corresponding in this sense.




Figure 2.1: The ensemble of bodies with surfaces S, S¢,...Sy.1,
disposed with angular periodicity about the z axis. A plane wave
is incident from the direction of spherical coordinates 61,61. The
scattered field is observed from the direction 8%5,45.




Az

Figure 2.2: "Corresponding" points T and T, on bodies Sy and S;.

The vectors 6{11(1“-0) and E;(fi) are rotated relatively to one another

about the z axis in the same way as I and L.




3. The incident field and its harmonics

In this section the incident electromagnetic field is defined. The
manner of its decomposition into a Fourier series is described and
the rotation dyadic is introduced.

A plane wave is incident on the ensemble of scatterers from the
direction 6',4!, see figure 2.1. The electric field vector at a point
(x,y,z) or (p,9,z) 1s

— ik (xsineicos 1 sinBisin i+zcos()i)
E' =é1EOeJ 0 by ¢
. ikA( sineicos( — ot +zcosei)
=é1EOeJ O p ¢ q> )

(3.1)

[N

where kg is the wave number for eJ 0" time dependence, the
jcoOt

factor e is suppressed, and &' is a unit vector specifying the

polarisation. In this work we consider the two cases ¢! =6! and

8'=¢'. Any other & may be resolved into components in these
directions. We note '

81 = R cos6l cos ol +§cosl sin¢! — zsin6!
| os@Hycostising —zsing | (3.2)
= pcosB' cos(d — §') — pcosB! sin(p — ') - Zsin O’

and

¢! = —&sin¢* + §cos o

R . (3.3)
= psin(¢ - ¢") + dcos(dp - ¢')

in which the unit vectors p and ¢ are evaluated at the observation
point (p,d,z). Here and subsequently the superscript i specifies the
incident field while the subscript i is an index specifying the body
S;.

(1), (2) and (3) give, for &' =8l




jk ol
—(pcoselcos(q) q> Jopsm coste= ¢)

ik smelcos( )
—Q)cosGlsm((p ¢> e oP #- Q)
. ik sinelcos( - i) jk zcosGi
—2sin®8'E eJ 0P -9 )E %o

0 ¢
(3.4)
and for &l =4t
ik psin 6 cos(d — o)
—(psm((p (p Je' 0

i _ .

+dcos(h - ¢ Y Jkopsme cos(¢p — ¢) Eye Jkozcose
(3.5)

The products of trigonometric and complex exponential functions
in (3.4) and (3.5) are expanded, using the formulas in Appendix A,

as Fourier series in ¢—¢'. Thus

Em= ¥ El (@) (3.6)
nvz-—-oo
where
. o i
El ()= EOE:I(f)eJn((b -0 (3.7)

will be referred to as the "n th harmonic" of Ei, and

for &' =0!,

¢! (r)—c (r)
i. i i i i _]k 2cos6?
=j ne pcosO jJ' (P )— ¢cos6 —J (P) zsin®'J (P e
o (3.8)
while for &'=¢!,
i it ; i k cose
Cn(r)= n (@) =-j" (PP J a(P )+¢JJ' (P ))e o (3.9)

in which




Pl =k psin6!, (3.10)
and the non-constant unit vectors p and ¢ are evaluated at T.

Consider corresponding points Ty and [ and the vectors E:l(fo) and
E:l(fi), see figure 2.2. The position vectors are related through

fi=f0-'§"i (3.11)

where ﬁi is a dyadic which rotates a vector about the z axis
through angle @.. In rectangular coordinates (3.11) corresponds

to the matrix equation

r. cos®. —sin®. Ofr

ix 1 1 0x

r. |=|sin®. cos®. Ofr (3.12)
iy 1 1 Oy

r. 0 0 1ir

iz 0z

where rjy etc are the rectangular components of L. From their

definitions in (3.8) and (3.19) it is clear that the E[il are related

similarly:
R DN B :
cn(ri)--cn(ro).Ri (3.13)
and with (3.7) that the harmonic fields are related by

El(f.)=El (7.)-R; n®; 3.14
n*i’ = Fpllg/ Te (3.14)
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4, Induced surface currents

In this section the harmonic surface current densities are defined
and the relations between the currents on the different bodies are
deduced.

The nth harmonic of the incident field excites a current at ¥ on S;

of vector surface current density Tfn(fi); call this the nth harmonic

current. The total current is the sum of the harmonics.

S; is rotated relative to S(y through the same angle @ as the field

E;(fi) is rotated relative to EL(EO), see (3.14). Thus, relative to its

own orientation, S; experiences the same incident field harmonic

jnd.
as does Sy, except for the phase factor e !. Therefore the vector
currents exhibit the same relations as the fields:

B @)=T @) R (4.1)
in(ri)_ On(rO)' 1€ : :

(4.1) reveals a major benefit of expressing the field as a sum of
harmonics. As the currents on the surfaces are simply related it is
necessary to determine the current on only one of them. If the
current is found by the moment method to be discussed below,
and it is expressed as a set of N unknowns per surface, a direct
approach would require the solution of NI equations in NI
unknowns, the solution time being asymptotically proportional to

(ND)3. With the present approach the solution time is proportional

to N3 per harmonic. We shall presently see that the number of -
significant harmonics approximates 2m times the ensemble
diameter measured in wavelengths.




5. The electric field integral equation

In this section we derive the electric field integral equation, the
solution of which is the surface current density distributions on
the bodies. It is found necessary to calculate the current on only
one body, for only one direction of incidence, and that the currents
on the other bodies, for other directions of incidence, may be
derived from the first.

The currents induced on the surfaces radiate the scattered field.
The total field, incident plus scattered, satisfies the boundary
condition that everywhere on the surfaces its tangential
component is zero. This is expressed in an integral equation
whose solution is the surface current density distribution.

The field Ei(f) at a point of position vector © radiated by the nth
harmonic currents on all the bodies is the sum

— I_l - — .
E;(f)=.2 _’jj’JiSn(fi').Go(f,fi')ds’ , (5.1)
1=0ri onS,

where G=O(T,F) is the dyadic Green's function relating the field at T

-

to a point source at T.

With (3.11) and (4.1) this is rewritten in the form

=5 /= I-1 jn‘p- =3 = === =
BE®=3Y e I [ (F,)R;).Go@ i, R, )ds (5.2)
n ] _ On~ 0 1 01
i=0 I, onS
0 0
The boundary condition is

[E;Gj)@;(fj)]t =0, allF; on8;,j=0,1...1-1 BCR)

where the notation [.], specifies the vector component tangential to

S;-

With (3.7) and (5.2), (5.3) becomes




I_lj"q)i P S T
[. 2 € N ] (JOn(rO )~Ri)~G0(ijfO .Rj)ds ]t
1=0 Ty onSO

E .Sl (f n(4;=) all£.onS.. all j
—[" Ocn(rj)e ]t’ rj on jy J

(5.4) must be satisfied for all j. Explicitly for j = O,

I—l Jn(Dl IS = N D\ A= = ' D '

[. E',Oe . J'_[(Jon(ro )'Rl)'GO(rO’rO .Ri)ds ]t

1= I, onSO (5.5)
PN

=[-EC (ro)eJ @ ¢)]t, f.on$S

0 0

With (3.11) and (3.13), this may be written, after some
rearrangement

[ Z e If Jon(fo').Ri+j.Rj .G()(fo,fi').Rjds' ]t
i=0 fO' onS0
I DI
= [—Eocn(rj)e ]t’ rj on Sj

(5.6)

where E__(j‘l is the dyadic which rotates a vector through the angle

-<I>j and in which it has been noted that (I>i+<I>j=<I>i +j and

=1= :
Rj .Go(r r )R Go(rJ rH_J) (5.7)

(see Appendix B), and replacing the summation index i by i+j, we
obtain

[-1 jn®. s ==L
[i Eoe 1 _ '({{15 Jon(ro').Ri.Go( rj,ri' )ds']t
0 0 . (5.8)
PN (IS DI
—[—Eocn(rj)e ]t’ rj on Sj
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(5.8) is the boundary condition on Sj, Cf. (5.4), and has been
derived from (5.5), the boundary condition on the body Sp. Thus
satisfying the condition on Sg satisfies it on all.

e
In (5.5), multiply both sides by % and change the order of
summation and integration to get

[ [7Ey )Gy (Tt s ],

fo‘onS0 (5.9)
i, . Jnd B}
=[—Eoc;(r0)e O]t? Fo on SO

where

= _ _, I-1jnd. . = =

Gz(ro,rO )=i§0e 1Ri.Go(rO,r0 .Ri{) (5.10)
and

= V=TS (7 ' joo! .

Jn(rO )—Jon(ro )e (5.11)

The azimuthal direction of incidence q)i does not appear in (5.9)
and hence the new unknown Ti(fo') is independent of q)i. This is a

further benefit of the present approach: if we are interested, as
we shall be, in directions of incidence over a range of azimuthal

angles ¢!, all with the same polar angle 61, it is unnecessary to
solve more than one integral equation, (5.9). The currents on all
bodies, for all azimuthal incidence directions are then, from (4.1)
and (5.11),

S (T
Jisn(ri)=J;(rO).Rie 1 (5.12)
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6. Surface-fixed coordinates

Several of the vector quantities of concern to us, such as the ji(fo)

and both sides of the integral equation to be solved, (5.9), are
tangential to the body surfaces. At a point on the surface the
vector may be specified by its components in only two orthogonal
directions. In this section these properties are used to reduce the
apparently three-dimensional problem to a two-dimensional one.

For a given problem we define a pair of curvilinear orthogonal
coordinates «,B over the surface S. This serves to define, at

every point EO on Sp a pair of orthogonal unit vectors &(fo),fi(fo)

tangential to the surface. They are related to the cylindrical unit
vectors p,0,% through the direction cosines

0, (Fg) = 6(T)).p(Eg), oty =6, @, =2, B, =B, By =P.b, B, =p2
(6.1)

Note that all the quantities in (6.1), excepting Z, are functions of
position, as shown explicitly in the first relation.

Each side of (5.9) is decomposed into its components in the & and
B directions:

. N indg i
&Eg) T3 (E)-Gy Ty, Ty )ds =—Eqe ¢ocfa(f0)

0
r.'onS
070 o (6.2)
~ - J— n :
BEy- I T (@y).Gx(F.Ty )ds =—Epe Oc;ﬁ(fo)
1'0 OHSO

where

i§ _LCa 10 i il ' o ReF =
= -n—[cnp b cgz}[np m nz] n=0.p;{=96,0,
(6.3)

e indsi . i
Cnp’ qu)’cnz are the cylindrical coordinate components of >

{=0,, i.e., the respective coefficients of p, ¢, Z in (3.8) or (3.9), U

(n=a,B) etc are given by (6.1) and superscript T denotes matrix
transposition.
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The surface current density TE(FO') is also expressed in o and f

components J> ~and Jiﬁ respectively :
TS /= vy A= oS - A= 1118 -
Jn(rO ) =0T, )Jna(rO )+B(r0 )JnB(rO ). (6.4)

The o and B components are related to the cylindrical components
thus:

%R [

Jn¢ =l [;q) J;B (6.5)
S (04 =

Tnz ) - &) o

The subscript on the matrices, here and elsewhere, specifies the
arguments of the functions which are its elements.

The integrand in (6.2) may now be written in component form as
follows:

Tfl iy )Ez(fo,fo' )

Gpp Gpd Gpz % Po
_ N S -1 S = 1
= g‘pp g(bg: gq)z (Jna(ro ) (1¢ +JHB(rO ) Bq) )
zp Z ZZ = = o
(fg-Tg) 24z g1
(6.6)

The elements of the G matrix, Gpp etc, are derived in Appendix C.

With (6.1) and (6.3) to (6.6), the vector equations (6.2) may now
be written in terms of the o, components:

i [Gaa GaB] P i
ry onSohPT Pley 7 'np )
i (6.7)
4| Cng,
=-E, ci‘;
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where
{Gaa Gaﬁ}
G G
P BBl e )
o, o o] %0 Spo % Pp
= G, G, G o, B
By By B, | | po oz o "o
P (IO) Gz qu) 2z B, -
P (T Ty Zd@i,y")
(6.8)

and as before, { = 0,¢.
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7. The moment method of solution

The current density distribution is found from the solution of the
integral equation (6.7). In this section we describe a method by
which this equation may be solved.

Two sets of basis functions, f‘;(fo) and f%(fo), are defined over S

and the current density distributions are expanded in terms of
them:

L L
04
Jia(fo')=zzla£f?(fo') , Jiﬁ(fo')=£§la£f9(f0') (7.1)

For an exact representation of the currents the summations must
in general be infinite. Truncation to the finite lengths L, LB thus

implies approximation.
(6.7) and (7.1) give

L L

o oL /= I3 aB_ _ ]nd)O i§ o
eélaegz (Fg)+ Zzlbegz (Fp)=-Ege "cyp(fp)
L L :
o Ba .. P BB __p 0.0
gElang (r0)+£élbzg£ (rO)-—EOe an(rO), (7.2)
{=0o0rd
where

g = [E)E 0, GpigHds  m=apix=ap  (7.3)
1'0 on 0

and the alternatives for { correspond to the alternative
polarisations of the incident field.

The integrand of (7.3) is composed of known functions and hence
the integral may be performed, at least numerically. With all the

g?x(f()) known, (7.2) is now a pair of simultaneous linear

equations in the La + LB unknowns a,, bZ' The number of
equations can be made equal to the number of unknowns by
enforcing (7.2) in (Ly + LB)/Z independent ways. The simplest
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way to do this is to enforce (7.2) at (Ly + LB)/Z different values of

Ty 2 technique known as "point matching". A more general
technique is to multiply both sides of (7.2) by (L, + LB)/2

independent functions of T, successively, in each case integrating

0
the results over Sy. The use of these weighted integrals gives the
technique the name "method of moments". Point matching is an
application of the moment method in which the weighting
functions are impulses.

A possible choice of basis functions is the set of rooftop functions
illustrated in figure 7.1. The surface is divided by the «,B grid into
approximately rectangular patches, numbered /¢=12,...,L. (We are
taking L :LB =L.) The ¢th function for the current component

in the a direction, f%(fo), varies with position i in the patch as a

triangle with unit height in the direction of flow o, and as a
constant in the transverse (B) direction. The function is zero

outside its patch. The function for the B component, fg(fo)’ is

similar but varying as a triangle in the B direction. The patches
overlap such that the edge of each is the centreline of a neighbour
except at an edge of a surface.

The overlaps together with the triangularity ensure that the
current density is continuous in its flow direction. Also, for a
surface of zero thickness terminating in an edge, the normal
component of the current density at the edge is zero. In the case
where the bodies are in contact and must be separated by a cut, a
special basis function must be used at the cut to ensure current
continuity there.

If point matching is used, a convenient set of points for its
application is the set of points ToK> k=12,.,L, located at the

centres of the L patches. Enforcing (7.2) at these points yields the
2L simultaneous linear algebraic equations

Ly "5 of indy it
= O 1 -
Ezlaegke * 2 DB =B oMo
L
@ Ba, i BB _ g S0l ;
2 B T PRy =TEge Tep(Tg) (7.4)

{=0or¢




where
gEZX =_ ' Hf?(f'o')GnX(fOk,fO' )ds' n:a’ﬁ;x;-a,ﬁ (75)
t,'onS
0 0
Patch ¢
o
fZ

Figure 7.1. Rooftop functions for representation of the a and B
components of the vector current density on patch 1.

19




20
8. If the bodies are in contact

In this case there is only one body, with a shape exhibiting
angular periodicity. In this section is described the special
treatment required for this case.

The original single body is sectored into I separate bodies by cuts
exhibiting the same angular periodicity as the original, see figure
8.1 The currents flow on the surface of the original body; there
are no currents on the surfaces exposed by the cutting.

Across the lines of the cuts on the original surface the normal
component of the current density is continuous. Provided the cut
is not along a discontinuity of the surface geometry such as a
ridge, the parallel component will be continuous also. Thus in
general we take the total vector current density to be continuous
across the cuts.

Consider the cut separating bodies 0 and 1 and the current

densities at points close to the edges formed by it; let 0. be a
72

point on body O near its edge 2 and f be on body. 1, near its

le
1
edge 1, see figure 8.2. The two edges are formed by the cut. In

the limit as the points approach the cut and one another, the
continuity remarked in the previous paragraph is expressed by

S = _3S =
JOn(IO,ez) - Jl,n(rl,el) (8.1)

Now let i be the point on body O corresponding to T on 1.

,el l,e1

From (4.1), (5.11) and (8.1) we find
=S - s - — anD1
Jn(rO,ez)_Jn(rO,el)'Rle ) (8.2)

- in words: the vector current densities on the two cut edges of
body O differ in direction by angle ®; and in phase by n®{, but
are otherwise equal.

This property of the currents may be built into the basis functions
so that the solutions exhibit it automatically. For example, a set of
rooftop basis functions running from edge 1 to edge 2, see figure
8.3, may include a special function consisting of a half-triangle of
strength unity at edge 1, and a second half-triangle of strength
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jnd ) . .
e’ lat edge 2. The current described by an expansion in these
functions will have the required scalar behaviour. The required

vector rotation will be present if the surface directions d(fo),ﬁ(fo)

rotate from edge to edge through the angle @ separating the
edges in azimuth.

Thus an appropriate choice of basis functions ensures current
continuity across the cuts.

It is remarked that the progressive phase shifts of the currents in
the separate bodies, see (5.11), ensures that if the ensemble
includes the z axis, the currents flowing towards the axis sum to
zero at the axis, as required by Kirchhoff's current law.




cuts

. )

currents

cut surfaces
(no currents)

(a) (b)

Figure 8.1. (a) "Ensemble" of contacting bodies separated by cuts.
(b) One of the separated bodies; no currents flow on the surfaces
exposed by the cuts.

Figure 8.2. Showing current densities adjacent to cuts and their
continuity across cuts.
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Figure 8.3. Rooftop basis functions to enforce continuity across

cuts.
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9. The scattered field

In this section an expression is found for the field scattered from
the stationary ensemble of bodies for given directions of incidence
and scatter.

The scattered field at a distant point ° =(r,0%,¢%) is the sum of the
fields radiated by all the current harmonics on all the bodies; thus
from standard radiation theory [e.g. 7],

_ o I-1 - rene  ncnc. KA
B@)=Ky T 3z [ Ba)@F+§5e 0 a
n=—<><>i=0fi'onSi
(9.1)
where
jkOr
. €
Ko =ko20Zm (9.2)

and Zg is the intrinsic impedance of free space.
With (3.11) and (5.12), (9.1) may be written in the form

_ e I=1 jn(®. o' A o koA
E@)=K, ¥ X SN I 85 +a 5 0 rds
On i 20 £ ons, nd nd

(9.3)

where

A =%, R), Ag=68CGEHK), A . 6°.(7% (5, )-R)
(9.4)

By use of (3.12) and the relations among vector components in
rectangular, cylindrical and spherical coordinate systems, see
Appendix D, the terms in (9.4) may be manipulated to yield

JKA A A ) ar .
Anee 0"'r =J§l(rO ).(p0 cosescosxp-—q)o cosessmw-—zo sin6%)

. v o AS . ' S
eJkOpO sin© cosweJkao cosB”
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(9.5)
and
A ejkOAr =15 )([3 'siny + ' COS ) '
a 0 0
nd n 0 (9.6)
. y . S . 1 S
eJkopO sin® coswejkozo cos®
where
¥ =0, +P, — %) ' (9.7)

and ;30',60',20' are unit vectors at EO’ in the p,0,z directions
respectively. (20' is of course Z, which does not vary with

position.)

(9.5) and (9.6) contain products of trigonometric and exponential
functions which may be recognised as closely similar to those in
(3.4) and (3.5). Their right sides are similarly expanded as Fourier
series to give

koA, - > jm(@y +@; - 6%
¢ 0 T=FE) I Efg(fo')e 0

m = —oo

A {=0or¢

mm
(9.8)

where 'c‘se, 0 are respectively similar to the Eie, ¢ defined in
m’ “m E m’ “m
(3.8) to (3.9) with 8',¢' replaced by 65 ¢° and t replaced by Ty

thus

m

S0 )= (=P cosO%iT (%) - cose® ;s—Jm(PS) ~2,'sin@%1_(P%)

. ' S
. _]kOZO cos©

(9.9)
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_sb,_, .m.~, M - jkz'coseS

o ()= =™ By I (B by (P O (9.10)
where

Pszkopo'sines (9.11)

It will be convenient below to express the vectors Ef}e,’éiq) in terms

of their o, components. These are (Cf. (6.3))

¢ i
S 9 npP
Cna ap aq) (xz s
= > |, {=6,0 (9.12)
Cflc Bp Bq) BZ | C:g
- nZ_.

where ci% C;%Cfé are the cylindrical coordinate components of

Eflg, i.e., the respective coefficients of p, ¢, 2 in (9.9) for { =0, or

(9.10) for { = ¢, and the 0p etc are defined in (6.1).

(9.3) with (9.8) to (9.12) becomes after some rearrangement
_ oo oo _: i SyI-1 j(n+ o.
Es(fs)=KO z z e J(nq) +mq) ) Z eJ(n m) 1

N = —ool]] = —o00 1:0 (9 13)

N I T, ).('c'fl?(fo' Gl +Efr?(f0' )&>S)eﬁ.m¢O ds '

Iy onS0 .

Finally we note from the definition of CDi, see (2.1), that the

summation on i is zero unless n + m is an integer multiple of I, in
which case it equals I. Therefore, set m = kI - n and sum over
integer values of k to get




oo oo . S l
B@®)=KJ 3§ X N —07)

k = —oon = —o0

TS /= ¢ - 9 - 1A =S
_ 'Hs OGO O
r on
0 %%

TS
o~ Jklo

+ ! AS
n(Tp )97 )e

-y

(9.14)
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10. The spectrum of the scatter from a rotating
ensemble

In this section the hitherto stationary ensemble is considered to
rotate about its axis. The scattered field is modulated as the
scatterer moves. A formula is found for the spectrum of the
modulated field.

Rotation of the ensemble of bodies about the z axis with angular
velocity Q in the ¢ direction may be simulated by setting ¢! and ¢5
in (9.14) to rotate with velocity -Q about a stationary ensemble

while holding their difference constant. Thus with ¢35 = -Qt, (9.14)
becomes

BE)= 3 B (10.1)
K =—co
where
ES o .
k1,0 _ jnAd
ES —KOI _Z e
kI,(b (ES) N =—eo
- As . JKI=n)d,'
0 DAEN ).(Ei?_n(fo' )e°+ei‘i’_n(f0' )65)e 0 g
Iy onSO
(10.2)
and
A= (" - ") (10.3)

is constant.

(10.1) represents a spectrum with lines disposed on each side of
zero at intervals of IQ. This is the radian frequency with which
the bodies pass a fixed point; given the focus of this study on the
modulation of radar scatter by the blades of a jet engine
compressor, [Q will be referred to as the "blade rate". Q will be
called the "shaft rate".

IQ is also the frequency with which the ensemble re-presents the
same aspect to the radar. It is thus the fundamental frequency of
the modulation of the scattered field. It is therefore in accord
with expectations that the spectral components are separated by
IQ.




(10.1) represents a spectrum centred on zero. If the suppressed
jogt : :
factor ¢ O is reintroduced, the spectrum is centred on the carrier
frequency ®q. An alternative interpretation of (10.1) is that it is

the spectrum of the received signal homodyned to base band.
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11. The spectrum calculated from the current expansions

For an exact calculation of the spectrum the currents must be
known. If they have been found by the methods described in
section 6 and 7 and are available in the form of (7.1), then (10.2),
with (9.12), may be written as

ELI;(I 3] < _jnAd
s =KOI y ¢
Equ) (ES) n=-—oc0
Ly el iad-moy
-, I-n,c - .
(ra 0 @) 5o § e 0 gs
LB Cse i -1,
_ . kI-n, Jxl=n ,
+ 3 by 'ﬂ fg’(ro)csq) B e 0 ds)
(=1 Ty onSO KI-n,B |

(Fy)
(11.1)
All the functions and constants in (11.1) are calculable using the

methods described in previous sections. This equation is therefore
a formal solution for the spectrum of the electomagnetic scatter.




12. Properties of the spectrum

Sections 10 and 11 have presented formulas from which the
spectrum of the scattered field may be calculated. However,
certain general features of the spectrum may be deduced without
resort to exact calculation. These will be described in the present
section.

(10.1) reveals the scattered field to consist of a spectrum of
frequency components, centred on zero (or wg, if the carrier

frequency is included), separated by intervals of IQ (the blade
rate) and extending indefinitely in the positive and negative
directions. This accords with expectations for the periodically
modulated field.

Although the spectrum extends indefinitely, only a finite band is
significant. It will now be estimated.

The Ti(fo’) are the solutions of (5.9). They will be small when the

forcing function, the right side, is small. From (3.8) to (3.10), with
the familiar fact that the Bessel function is small when the order

exceeds the argument, the right side of (5.9), and hence Tf} (fo'),

will be small when

In|> k p,, sin 6! (12.1)

00

The largest value of pg is ppax » the maximum radius of the

ensemble of bodies. Using this in (17 1) and replacmg kg by k

(where Ao is the wavelength at radlan frequency wg) we have for
the maximum value of [nf, n| .. say,

2n . Ai :
Inl ok =—}\;pmaxsm91 (12.2)

Multiply both sides by Q and interpret |n| . Q as the frequency
separation from the centre, ||, say, of the highest and lowest
significant current harmonics. Thus

2T

0] ax = k_()— max 20 ot (12.3)
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In the right side of (12.3), pmaszinei is the maximum velocity of
any point on the bodies towards or away from the source of

. . . 2n . . . .
illumination; with the factor = it is recognised as the maximum

0
Doppler shift of the illumination at any point on the bodies.

Thus the currents induced on the bodies consist of a spectrum of
frequency components, centred on the illumination frequency wg,
spaced at intervals of the shaft rate Q and extending with
significant strength to the maximum positive and negative Doppler
shifts associated with the linear velocities of the bodies. The
spectrum extends indefinitely beyond the Doppler limits but,
through the behaviour of the Bessel functions, the strength
decreases rapidly.

From the foregoing it is concluded that the integrand of (10.2), due
to the factor T;(fo'), is negligible when |n|>
(12.2).

In| 0 @S specified in

Through the definitions (9.9) and (9.10) and arguments essentially
the same as the foregoing, it is found that the dyadic in (9.14),

S0 @8 +d (7,085, is negligible when
KI-n|>2%p  sing® (12.3)
Ay max .

From this result and (12.1) it is readily found that the maximum
value of |k| for which the integrand of (9.14) is non-negligible is

2T

K] oy = KO_pmam(smei +sing®) (12.4)

Thus k=x+k| ., give the highest and lowest terms in the

summation in (10.1); the spectrum of the scattered field extends
above and below the centre by ' '

Q:27t

Klax 2= 7P 0, Qsin®’ +5in6%) (12.5)
0
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which is recognised as the two-way Doppler shift associated with
the highest speed, viewed from the source and receiver, of any
point on the ensemble of bodies.

k| ., is the number of lines of significant strength on either side
of the centre in the spectrum of the scattered field. Under some
circumstances (12.4) delivers a |k| .  less than one. In this event

the scattered field is little, or un-, modulated. Two extreme cases
are of interest:

(i) 0'=6%5=0 (axial backscatter):

(12.4) predicts no spectral lines; despite the approximations used
to derive (12.4), this result is rigorously correct, as will be seen
below, provided I > 2. Axial backscatter, when the ensemble
comprises more than two bodies, is unmodulated.

(i1) 9i=93=-§- (incidence and scatter in the plane of rotation):

(12.4), with (2.1), predicts

Ik] _A4n P max - P maxq)l
max
‘ I ?\.0 7\.0/2 ' (12.6)
=dmax,7»/2
where d is the maximum chord distance from one body to
max,A /2

the next, measured in half-wavelengths.

As derived here (12.6) applies in the case of plane-wave incidence.
and scatter in the plane of rotation. Radar illumination of jet
engines is commonly close to axially incident and (12.6) may
appear not to be relevant. However, the field falling on the
rotating compressor blades after diffraction through the intake is
not a plane wave. It may be decomposed into a spectrum of plane
waves which includes components in the plane of rotation.
Similarly the scattered field contains components in the plane of
rotation. '

Thus (12.6) is a significant result for jet engine modulation
generally: the number of spectral lines on each side of the centre
is approximately equal to the tip-to-tip blade separation
measured in half-wavelengths.
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If d is less than one, there are no significant spectral lines
max,A /2

and the scattered field is unmodulated. Here the bodies, even at
maximum radius, are separated by less than half a wavelength;
the ensemble is electrically similar to a continuous disc.




13. Axial backcatter

This is the case where 8'=65=0. Without loss of generality the
incident polarisation may be taken to be 8.

From (3.8), with Appendix A,

0 _.n, -1 A1 Jkyz
9 = MBS, O= T, O =850, L O+T, O 0.
(13.1)
But
Jn(0)=1 n=0
=0 nz0
and hence
: ~ Jjknz
d® —1ilpipe’ O
2 (13.2)
6:1‘9:0 n#+l

The similarly defined quantities E;G,E;q), see (9.9) and (9.10),

reduce to
—sB =+._]; PO jkoz
Cil —Jz(p‘lq))e
.1 ., .~ JknZ
o =FiyGEibe O (13.3)
cw=6§=0 m#+]

It is clear from (5.9) and (13.2) that T; is non-zero only for
n ==l (13.4)

which is therefore a condition for the integrand of (9.14) to be
non-zero. With (13.3), a further condition is that

ki-n=%1 : (13.5)

(13.4) and (13.5) permit the integrand of (9.15) to be non-zero
only with the following combinations of I,nk:
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[=1 n=-1 k=-20
n=+l k= 0, +2
[=2 n=-1 k=-1,0
n=+I k= 0, +1
I1=>2 n=+-1 k=0 (13.6)

From this it is seen that for I = 1 and [ = 2 the values for kI are
-2, 0, +2. The spectrum contains components at 0y-2Q, oq and

0)+2Q.

For I > 2 there are no side frequencies; the scattered field is
monochromatic at ®g. The axially backscattered field is

unmodulated when the number of bodies is greater than two.

These properties of axial backscatter have been reported
previously [7] in a different context.
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14. Calculating the spectrum

In this section are brought together the steps to be followed in
numerical calculation of the spectrum.

1. Define a set of rectangular coordinates with z axis along the
axis of the ensemble of bodies. This serves to define the
cylindrical and spherical coordinates also in use.

2. Choose a single body from the ensemble and call its surface S.
If the bodies have a common region such as a central hub, a slice
of angular width 2x/I must be cut from it and included with the
chosen body. S, does not include the surface exposed by the cut.

3. Define a system of orthogonal curvilinear coordinates a,p on S,.
This serves to define at every point I, on Sy a pair of orthogonal

unit vectors &(TO),ﬁ(fO), tangential to the surface.

4. At every point EO on S, determine the direction cosines

ap:a.p; aq):oc.q); o, =0Z; Bp:B.p; B¢=B.¢; BZ=B.Z
5. At every point I, on S, determine components

8 0 6 ¢ i¢ id
np’ qu) * “nz Cnp ’ °nq> *Cnz

c
see (3.8) to (3.10).

6. At every point I, on S, determine the quantities
o __ % io 0, i0
Cna = —Eoe (cnpmp + cn¢a¢ +cnzaz)

0 _ o I g 0 0
CHB = Eoe (Canp +Cn¢B¢ +anBZ)

o _ - % o i0 i0
Cna = —Eoe (cnpap + qu)aq) +cnzocz)

0 __g JW0 oy i i
CnB =-Eqe (Canp +cn¢B¢ +anBz).
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(These are needed for solutions for incident polarisation in both
the 6 and ¢ directions. If only the first (second) is needed, only
the first (second) pair of quantities need be calculated.)

7. For every pair of points Ty on Sy compute the elements of

G
gpp P gpz
G¢P G¢¢ G¢Z
zp zd ZZ = =
Ty Tp)

(This is the matrix representation of the dyadic Green's function
Gz, see (C19), Appendix C.)

8. For every Iy Ty compute the elements of
{Gaa GocB

G G ’

B BBl ;.

(TpTg)

see (6.8).

9. Choose two sets of basis functions,
=y BNy
fg (ro), fe(ro),£—1,2,...,L

to represent the a and B components, respectively, of the surface
current density distributions. (We are here taking equal numbers
of the basis functions. This is not strictly necessary.)

10. Choose L values T, of EO,“with k=12,...,.L. Calculate the
elements of the four L x L square matrices

N Moz o £ 2 yde
ng “H f[ (1'0 )an(rOk,rO )ds

in which MX represent the combinations ac, o, Ba, BB and k and ¢
take values 1,2,...,L.

11. Assemble the quantities calculated under headings 6 and 10 in-
the matrix equation




o
| c: (rm)
oo 043} : C
[gkf LxL [gkf LxL % |- Ca (rOL) {=8or¢
[gﬁa} [gﬁﬁ} by C ) |
ki« : nB. o

£ -
-7 _Cna(rOL)J

and solve for the constants af’bl,” {=12,..,L.

The current distribution through its representation by a
summation of basis functions, see (7.1), is now known.

12. Compute the integrals

an('o )e SX e ')ejmq)OdS'
fO onS0

for the combinations of parameters

=o,B; x=6,0; int < .
n=o,B; X =6,0; jm(integer)| 12

13. Compute the spectral components:

Eire *  inAd
s =Kl X el
ELo & n=—oo
L SO i .
o (kI-n)o,'
(3 a, i f%(-o ) S n,o: 6:J % ds
=1 0 onSO kI n,o. ('f ')
" 5. | onp| iGd-mey
+ X b, [ fE ¢ e ds')
{=1 Ty onSO ﬂB(f')

for all |kI(int < .
[kI(integer)| ?»0/2
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If there is interest in the spectrum beyond the Doppler limits, the
computations here and under the previous heading should
continue beyond the values of m and kI indicated.




15. Conclusions and proposals for further work
Conclusions:

- A theory has been developed by means of which the radar
scatter from an ensemble of bodies with angular periodicity, such
as a compressor stage of a jet engine, may be calculated.

- The theory exploits the angular periodicity of the scatterer
in such a way that the computational load, compared with an
approach which does not do this, is reduced by a factor
approximately equal to the number of bodies.

- The theory leads to a solution in the form of the spectrum of
the scattered field.

- The formal solution, without resort to numerical results,
reveals many features of the spectrum such’ as line separation,
bandwidth, number of lines of significant strength etc.

- A numerical approach has been developed in sufficient
detail that the equations might be solved by a programmer with
little or no familiarity with electromagnetics.

Proposals for Further Work:

The theory described here contemplates the scatterer as an
ensemble of bodies in free-space illuminated by a plane wave.
The jet engine departs from this ideal model in a number of ways:
The engine compressor stage is surrounded by an engine cowling.
It is one of several stages close enough together that strong
electromagnetic interaction is to be expected. The stages exist in
the presence of stator blades which themselves constitute periodic
structures. All these departures from the ideal are expected to
have their effects on the spectrum.

It is proposed to continue this investigation towards a better
understanding of the effects mentioned in the previous paragraph.
It is believed that the present theory constitutes a basis for such a
continuation.
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Appendix A Formulas involving Bessel functions.

The following formulas or others readily derivable from them are
employed at several places in the text. UN(S) is the Bessel function

of order n, argument p, and J '(p):—d—J (p).
n dp n

L S N RO

n=-—co

Cos¢eijpcos¢___ § (ij)“_lJn'(p)ejn¢

n=-—oo

singe PO T (xjn RACE
n=

—00

n 1

STa® =20, (P)=Ty o)
1

I @=—0, e+T )

_ n
I_@=CD" ()
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Appendix C The Dyadic Green's Function for the Periodic Array,

Gy

By definition of the dyadic Green's function, the field at a point of
position vector T due to a point source of vector current moment p

f—

at position T is
EG) =p.G(FF). . (C1)

Express E(f) in terms of its components in the orthogonal
coordinate system {n,,n,,N,} with unit vectors ﬁl,ﬁz,ﬁ3 evaluated

at 1, thus,

E(t)=nE n, + annz + n3En3 (C2)

and p in terms of the system {§1,§2,§3}' with unit vectors éf,&i,%‘

cvaluated at 1, thus,
p=Cp, . +8,p,  +E3p, (C3)
! C1 2 CZ 3 §3
Finally, express (Cl) in component form, noting that E =ﬁ1.E(f)

™
etc and pql, =§1'.ﬁ etc, thus:

A = G . G . G ' Cs, —

n,-E NGty gy | P

.El=|G_,, G_,., G_..l(' P C4

e =Ll mS - M b 92'8 9

M3-% G Gpp: © C,LCg,-p

[ T T T

Now let p have unit strength and orientations 61"62"&3'
successively to get '

Gy &) =RO-EGEE 7)) (C5)

where E(&C (7)) is the field at ¥ due to a point dipole at T of unit
moment and orientation (z', and n=n1,n2,n3;g=§1,§2,§3.




From standard radiation theory [e.g. 8] the field of the current
distribution J(f) may be found from the formula

E@ =ff (GIF)+RG R.I(F )dv - (Co)
where
G (R)= _1- L 5 (1= jkR + k2R2)e—ij , (C7)
JOE 4R
G'(R) = ———1 =(3+ BKR - K2R2)e KR (C8)
j®€ 47R
R=i-T (C9)

and the integral is over the volume in which J(¥) is non-zero.

(C6) maiy be written in dyadic notation:

Em=[] IF ).E_a(ff )av' " (C10)
where
G=O(f,F)=G'T+G"ﬁ (C11)

and 1 is the identity dyadic.
Let
E=E+E" : : (C12)

where E and E' are the parts associated with G' and G"
respectively in (C10), (C11). Then using (C5) with
{nl,nz,n:,’}:{CI,C2,§3}={p,¢,z} we have, for the pp element of the
matrix representation of G'1 in cylindrical coordinates,

Gpp=p-E(r;p)=p-pG : (C13)

where p and § are unit vectors in the p directions at f and T
respectively. Evaluating the dot product in (C13) gives

G’psz' cos(p—¢') (C14)
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The other elements are found from similar considerations, and are
set out as follows:

i cos(6-¢') sin(p-¢') O
Gl=G|-sin(p—¢') cos(d—¢') O (C15)
0 0 1

Through similar application of (C5) the matrix representat1on of
G"RR is found to be

G'RR=G"x
(pcos(0—¢')—p )Np—p cos(¢—¢')) psin(o—¢ Np-pcos(d—¢')) (z—-z)p—pcos(¢—¢)
(pcos(d—¢')—p )p'sin(0 - ¢') pp'sin® (0~ ¢') (z—2)p'sin(p-¢')
(pcos(d—¢')—p' Nz—-27') p'sin(¢p—9¢')z~2') (z-7 )2

(C16)

The matrix representation of G__—O(f,f'),' see (C11) is the sum,
element by element, of the right sides of (C15) and (C16).

To compute Gy in (5.11), consider
ﬁ.ﬁz(f,fo')=.2 ¢ 1pRi.Go(E, Ri) (C17)

which is the field at ¥ due to the periodic circular array of point

jnd. -
dipoles of vector moment D, =¢ ] 19.Rq, i=1,2,...I-1, at the
corresponding points T,=T. .Rj, see figure C1. Note that
_ jn(I)i . “ .
p;=c (p(F; )pp+¢(ri Py +2(F; p,) (C18)

in which it has been recognised that the unit vectors
{)(fi'), &)(fi' ), i(fi') are related to their values at fb‘ through the

rotation R;j and the scalars pp.,pq).,pz. do not vary around the

array.
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Then with (C15) and (C16), EZ may be expressed in matrix form

thus
_ Il jno. G 50
Gy(ify)= T e NGRS, € O
i=0 0o 0 |
(PC, =P Xp-p C) pS;(p-p'C) (z-Z)p-PC
+G R (pC; -p)P'S; pp's;? (z-2)p'S;
(C;-p')Nz=2) pS;(z-2) (z-2)
(C19)
where
C, =cos(0—¢;), S;=sin(¢-¢;") (C20)
and
1
R, =[F-1;|= (0% +p;2 20p; cos(0— ;) +(z~27)")? (C21)

Since pi'=p0',¢i'=q>0'+d>i,zi'=zo', (C21) may be simplified to
1

R.= s p0'2 -2ppy cos(d — 4y —@,) +(z -2y )2 (C22)
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Figure Cl: Array of point dipoles p; at corresponding points L'




49

), 0.(A.R)

Wll

Appendix D The expressions f.(A.R), 6.(A.

A is an arbitrary vector, R is a rotation dyadic of the type
defined in (3.12), and (3.12) with rotation angle ®, and T, 8, ¢ are
unit vectors associated with the spherical coordinate system,
evaluated at the point (r,8,¢). The unit vectors may be expressed
in terms of unit vectors in the rectangular system thus:

f =XsinBcos¢+ ysinOsin ¢ + ZcosB
8 = KcosOcos h + §cosOsin ¢ —Zcos O (D1)
cf) —Xsind + ycosd

Performing the rotation according to (3.12) on the vector
A= xAx + yAy + zAZ (D2)

and then forming the dot products with T, 6, as given in (D1)
successively gives

lnld

AR)=A, sinBcos(§p— @)+ A_sinBsin(9—®)+A, cosd

>
il

(AR)= A cosBcos(¢— @)+ Ay cosBsin(¢~ @)~ A_sind

=

(AR)= ~A, sin(@—®)+ A, cos(¢ - @)
(D3)

Applying the first of (D3) with #=7°=(1,6%¢%), A=T,=(.0,.¢)
and R=R; with rotation through angle CDi, gives, after minor

manipulation involving trigonometric identities and the relations
between spherical and cylindrical coordinates,

’fs.('r‘o Rj)= p'O sin6® cos(q)'0 +(I>i -5+ z'0 cos6%) (D4)

Now let 8=6°% and K:Ti (o) but write the rectangular

components of A in terms of the cylindrical components of Ti,
thus
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_ 15 — ¢ _S = M U
Ax—an(rO)cosq)O Jn¢(r0)sm¢)0

Ay =Jflp(?o)sinq>'0+1§1¢(?0)cos¢'0 (D3)
1S /=
Az_an(IO)

Making these substitutions in the second of (D3) gives

és.(jflii) = Jip cosB’ cos(¢ y +®@; ~ oS) - J“; cosB’ sin(¢'  +®, ~ %)

()
-8 sin6S

nz .
(D6)

Finally, setting ¢=¢%, and K=jfl(f'0) in the third of (D3) gives the
result

¢°.(7% Ri)= Jflp sin(¢ ) +@, - %)+ 1% 905 o +@; —4¢%)
(D7)
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